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Measurements of the specific heat of nickel nitrate hexahydrate for 0.5 <T <12K reveal a
Schottky anomaly with Cp . =1.373 cal/mole K at Tp,,=2.35 K. The experimental data are
explained by the complete splitting of the S=1 ground-state triplet, with levels separated suc-
cessively by 4.80 and 3.26 K. The lattice contribution is found to be 4.11 x104T3 cal/mole K.
The discrepancies between the level spacings, as deduced from these measurements and the
reported powder susceptibility data, are removed by taking into account a small antiferromag-

netic exchange interaction (A/k=+0.6 K) in a molecular-field approximation.

The total mag-

netic entropy change is found to be within 0.6% of the theoretically predicted value RIn3 for a

spin-1 system.

INTRODUCTION

As part of a study of the magnetic behavior of
Ni** ions in certain hydrated salts, the susceptibili-
ty of powdered Ni(NO;),- 6H,0 was measured® in
this laboratory down to 1. 3K. No cooperative
phenomena were observed in those experiments.
The data could be well described in terms of a con-
ventional single-ion spin Hamiltonian for S =1 with
suitably chosen values of the axial and rhombic
crystal-field parameters D and E and an isotropic
splitting factor g. The zero-field splitting of the
ground-state spin triplet deduced from the fitted
values of D and E substantially exceeded 2T at 1.3
K. )

There remained, however, the interesting possi-
bility that rather large exchange interactions might
still exist among the Ni* ions in Ni(NO;), - 6H,0. If
their energy were small enough in comparison with
the zero-field splitting of the ground-state triplet,
then, as Moriya? has shown in a molecular-field
approximation, no cooperative spin ordering transi-
tion would be detectable above 0 K. In the simple
molecular-field picture, the presence of such “sub-
critical” interactions would be revealed through
their contribution to the effective magnetic field at
a Ni"" ion when an external field was applied. Thus,
while both the low-field susceptibility and zero-
field heat capacity of the system would appear in
first approximation to be those of an assembly of
noninteracting Ni** ions, the single-ion parameters
needed to fit the data would be the same only if the
interactions were included in the calculation of the
susceptibility. Such arguments have been invoked
to explain apparent discrepancies in D and E deduced
from thermal and magnetic observations on
@-NiSO, + 6H,0°~* and Ni(CH;COO),- 4H,0. ¢

Heat capacity measurements on Ni(NOs), - 6H,0
were undertaken to obtain estimates of D and E
independent of the earlier magnetic results! and to
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detect any subcritical spin interactions that might
exist. As will be seen, the analysis of the data
does admit the inclusion of a small molecular-field
term of antiferromagnetic sign

EXPERIMENTAL

The experiments reported here were carried out
in two completely separate experimental appara-
tuses. For 0.5< T <4.2 K a standard liquid-3He-
cooled adiabatic calorimeter was used (apparatus
I). It has been described elsewhere.” The sample
was cooled to low temperatures by means of a
mechanical heat switch. The region above ~1.7
K was covered by a similar *He calorimeter (appa-
ratus II), which used exchange gas in cooling down
the sample.

The sample holders were copper capsules each
carrying a manganin electrical heater and a resis-
tance thermometer. A germanium thermometer®
and a carbon composition resistor? were used in I
and II, respectively.

Calibrations of the thermometers were performed
against the saturated vapor pressures of *He (0.4
-1.6 K),'° *He(1.1-4. 2 K), "' and H, (13. 9-19. 8 K), !2
The calibration data were fitted to a polynomial of
the form [In(R)/T]'/2=5,A,In"(R). The standard
deviation of the fit with n =3 for the 27 data points
in the range 0.4-4.2 K (Ge thermometer) was 1%.
For the carbon resistor, the interpolation between
4.2 and 13. 9 K was based on 28 calibration points
in the range 1.7-4.2 K and 22 points in the range
13.9-19.8 K. The standard deviation of the fit
with n =6 was 0. 06%.

The resistance of the thermometers was measured
with an ac Wheatstone bridge, incorporating a lock-
in amplifier as the null detector.

A discontinuous heating technique was employed
for the specific-heat measurements, i.e., the tem-
perature increase of sample plus addenda was
measured upon an accurately known heat input. The
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T FIG. 1. Specific heat
R of nickel nitrate hexa-
hydrate as a function of
temperature. Fullline:
theoretical curve for an
S=1 paramagnet [formula
(2), with D/k=+6.43 K,
E/k=+1.63 K] plus a
lattice contribution C,,,
=4,11x10" 73 cal/moleK.
Dashed line: same, but
with D/k=+8.33 K,
E/k=+3.00 K. The lat-
tice contribution is shown
separately by the dot-
dashed line.

heat capacities of the empty capsules were measured

in separate runs. Their contributions to the total
heat capacity amounted to about 4% at 4 K and 20%
at 12 K.

The samples used for this research were recrys-
tallized at 30 °C by evaporation from a saturated
aqueous solution of Baker Analyzed Reagent grade
material. The crystals had an average linear di-
mension of ca. 2 mm. About 20 g were sealed in
the capsules, together with a small amount of *He
or *He exchange gas (3.5 Torr at 77 K). Care was
taken to protect the sample from dehydration during
the capsule filling procedure by cooling it to 77 K.

RESULTS AND DISCUSSION

The experimental results in the range 0.5-12 K
are plotted in Fig. 1 and summarized in Table I.
The data given for 7 <4.2 K are those obtained with
apparatus I. Of the data taken with apparatus II,
we present only those values for 7>4.2 K. The
two sets of data match smoothly from 3.5 to
4.5 K. Small systematic discrepancies between
the two sets below 3.5 K (amounting to a few per-
cent at 2.4 K) are traceable to experimental diffi-
cultities arising from the use of exchange gas in
apparatus II and apparent dehydration of one of the
samples. The results given here for T7<4.2 K
have been reproduced in three separate experimen-
tal runs.

The specific heat is seen to pass through a rela-
tively broad maximum at 2. 35 K, indicative of the
Schottky anomaly associated with the gradual popu-
lation of the upper two spin components of the Ni**-
ion ground state with increasing temperature.

In the absence of exchange interactions, the spin
Hamiltonian for a single nickel ion in an octahedral
crystal field with axial and rhombic distortions is'®

1=DS2+E(S2-S2)+gusS-H . 1)

Defining D and E as positive numbers and taking
S=1 for the effective spin of the Ni** ion, the energy
eigenvalues of (1) for H=0 are 0, (D-E), and

(D +E), with the zero level lowest. The expression
for the specific heat of a system of N free nickel
ions in zero field can be derived from the partition

function for this level scheme, Z=1+e P~ B /4T
~(D+E)/kT

+e , using the relation
_ 9 2 9InZ
C‘aT (NkT T ) . (2)

On the assumption that the lattice contribution to
the specific heat obeys Debye’s T° law in the tem-
perature range of interest and that it is separable
from the magnetic contribution, the total specific
heat can be represented by

C,=BT*+Cpa , 3)

where B is a constant and Cy,,, is given by (2).

Using a function minimization procedure developed
by Fletcher and Powell'* we have fitted the experi-
mental data to relation (3). Adjusting (D - E) and
(D +E) to minimize the function 3;(C;expt — C; carc)’,
where C, is the total specific heat at temperature
T;, we found

B=4.11x10" cal/mole K*,
D/k=+6.43 K, )
E/k=+1.63K.

The curve for C.,,. obtained by substituting these
values into (3) and (2) is shown as a full line in
Fig. 1 and it is seen to represent the data very
well. The standard deviation of the fit is 0. 7%.
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The assumption that the Ni**-ion ground state in theoretical expression (with D and E as given above)
this salt is actually a triplet (S=1) is further sup- to extrapolate C,,, from 0.5 to 0 K and from 12 K
ported by entropy considerations. Correcting the to ©, one may calculate the entropy difference be-
C, data for the lattice contribution and using the tween the state in which all three components of

TABLE 1. Heat capacity of Ni(NOj),* 6H,O. C, is given in cal/moleK and T in Kelvins.

T C, T Cp T C, T C,
0.551 0.028 1.981 1.318 4.632 0.848 9.306 0.577
0.717 0.114 2,005 1.324 4.700 0.832 9.404 0.585
0.748 0.139 2.052 1.342 4.711 0.815 9.506 0.589
0.779 0.171 2.105 1.350 4,831 0.803 9.610 0.601
0.822 0.211 2,177 1.365 4.873 0.796 9.718 0.607
0.848 0.234 0.280 1.367 4,913 0.786 9.792 0.612
0.872 0.262 2.354 1.373 4,997 0.768 9.894 0.622
0.896 0.288 2.416 1.365 5,040 0.760 9. 987 0.631
0.922 0.315 2.482 1.364 5.130 0.742 10.113 0.638
0.951 0.346 2.529 1.360 5.208 0.730 10.191 0.648
0.973 0.372 2.580 1.362 5.201 0.716 10. 294 0.659
0.99%4 0.400 2.622 1.351 5.379 0.702 10.398 0.664
1.015 0.426 2.664 1.339 5.472 0.690 10.470 0.681
1.035 0.452 2,730 1.340 5.565 0.675 10.571 0.684
1.053 0.473 2,753 1.330 5,643 0.666 10.684 0.705
1.072 0.492 2.801 1.314 5.758 0.650 10.794 0.705
1.090 0.522 2.852 1.305 5.847 0.641 11.007 0.734
1.123 0.560 2.911 1.290 5.940 0.630 11.120 0.745
1.139 0.578 2.956 1.284 6.038 0.620 11.234 0.760
1.157 0.600 3.003 1.265 6.142 0.609 11.352 0.770
1.175 0.624 3.049 1.260 6.252 0.600 11.474 0.799
1.192 0.645 3.096 1.242 6.361 0.583 11,594 0.811
1.209 0.668 3.143 1.230 6.460 0.580 11.697 0.818
1.227 0.692 3.189 1.220 6.568 0.576 11.802 0.836
1.278 0.753 3.237 1.202 6.682 0.568 11.910 0.852
1.296 0.776 3.288 1.193 6.797 0.557
1.315 0.792 3.337 1.183 6.898 0.555
1.354 0.846 3.391 1.166 7.004 0.550
1.375 0.867 3.448 1.154 7.116 0.547
1.396 0.895 3.477 1.144 7.233 0.542
1.436 0.936 3.507 1.120 7.348 0.538
1.456 0.961 3.600 1.112 7.430 0.537
1.476 0.981 3.629 1.095 7.522 0.534
1.496 1.002 3.690 1.079 7.617 0.533
1.516 1.024 3.778 1.058 7.727 0.528
1.537 1.038 3.838 1.047 7.839 0.528
1.580 1.090 3.890 1.009 7.957 0.530
1.620 1.115 3.946 0.999 8.081 0.532
1.639 1.132 3.975 1.017 8.200 0.534
1.659 1.157 4,028 0.987 8.291 0.532
1.693 1.177 4.080 0.964 8.383 0.536
1.710 1.188 4,135 0.951 8.479 0.539
1.726 1.199 4,191 0.947 8.579 0.543
1.746 1.217 4,247 0.941 8.681 0.546
1.767 1.230 4,294 0.931 8.775 0.547
1.787 1.242 4.344 0.916 8.857 0.552
1.828 1.259 4,396 0.903 8.942 0.561
1.854 1.268 4.451 0.890 9.029 0.564
1.886 1.290 4,508 0.875 9.119 0.565

1.916 1.301 4.569 0.861 9.211 0.573
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the triplet are equally populated and the state in
which the lowest is exclusively populated. This
entropy difference is found to be within 0. 6% of
the theoretical value RIn3. The extrapolated con-
tributions amount to about 5% of the total.

Also shown in Fig. 1 is the curve for C,,,, ob-
tained with the same lattice coefficient but with the
D and E values derived from the powder suscepti-
bility results, ! assuming the Ni** ions to be nonin-
teracting (D/k=+8.33 K, E/k=+3.00 K). Large
systematic discrepancies, far outside the limits of
experimental error, exist between this curve and
the experimental data. They suggest that subcriti-
cal interactions, as defined earlier, exist in
Ni(NOg),; - 6H,O and must be included in a consistent
analysis of the magnetic and thermal data.

In the molecular-field approximation, one re-
places the sum of the isotropic exchange interactions
of the ith Ni** ion with 2z nearest neighbors (assumed
equivalent)_Py the expression AS. ( §), where A
=-zJ and (S) is the expectation value of the spin
thermally averaged over the three components of
the ground state. When added to the single-ion
Hamiltonian [Eq. (1)], this contribution may be com
bined wittlthe Zeeman term guag- H if we replace
the field H by an effective field ﬁ+A(§)/guB .

When H=0, as in the present heat capacity experi-
ments, (§) =0 at all temperatures and the zero-
field eigenvalues of Eq. (1) and the simple partition
function given above should be used to fit the data.
The results are those already given in Eqs. 4.
Since even the initial magnetic susceptibility is
measured with H #0, for which (S) #0, we must use
the full Hamiltonian, including the Zeeman and
molecular-field terms, in calculating the appropri-
ate theoretical expression. One finds for the pow-
der susceptibility

X - 2Ng*p} Zs . Zs
powder 3 (D+E)Z,+2AZ, " 2EZ,+2AZ,
Zy
* (D-E)Z,+2Az,) Y
where

Zl= 1+e-(D— E)/kT+e-(D+E)/kT’
- -(D+E)/RT
Zy=1-e y

ZS:e-(D—E)/hT__e-(D¢E)/hT’

Zy=1-e P=B)/rT

The X powder data from Ref. 1 have been plotted in
Fig. 2. Using Eq. (5) with the values for D and E
obtained from the analysis of the C, results (D/k
=+6.43 K, E/k=+1.63 K) and with g = 2. 25, the
values for A/k required to fit the data points below
4 K range from + 0. 60 to + 0. 64 K (antiferromagnet-
ic sign).
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FIG. 2. Powder susceptibility of nickel nitrate hexa-
hydrate as a function of temperature. Full line: theoreti-
cal curve [formula (5), with g=2.25, D/k=+6.43 K,
E/k=+1.63 K, and A/k=+0.62 K]. Dashed line: same,

but with A=0. Data points are taken from Ref. 1.

The calculated values of A for the data in the
hydrogen region alone exhibit considerable scatter
in both magnitude and sign. This result is not
particularly surprising considering the fact that
attempts to determine the value of a necessarily
small? molecular-field constant from data taken at
temperatures such that 27~ 254 require extremely
accurate data. Even if such observations were
available, it is more reasonable to use data with
ET on the order of the interaction energy. This is
illustrated in Fig. 2; the full line gives the theoret-
ical prediction (5) using D/k= +6.43 K, E/k=+1.63
K, g=2.25, and A/k=+0.62 K. The dashed line is
the curve predicted for these values of D, E, and
g but with A=0. It is to be noted that the full line
in Fig. 2 agrees to within 1% with the curve of Fig.
4 in Ref. 1, which gives the best fit to the data
points assuming A to be identically zero.

Similar magnetic behavior has been reported for
a - NiSO, 6H,0. Using Watanabe’s X jowaer data in
the helium range® and crystal-field parameters de-
rived from their own specific-heat measurements,
Stout and Hadley* concluded that subcritical ferro-
magnetic interactions were present in this substance,
with ~0.7<A/k<-0.1K.

We feel that the values D/k=+6.43 K, E/k=+1.63
K,A/k=+0.6 K, g=2.25, and C,,,/7T°=4.11x10™
cal/mole K* successfully describe the available low-
temperature thermal and magnetic data on Ni(NOs),
-6H,0. The estimated interaction constant A satis-
fies the inequality A <3| D - E | and consequently,
according to Moriya’s analysis, is too small to pro-
duce long-range magnetic order at a nonzero tem-
perature. This picture could be significantly al-
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tered at quite low temperatures if it were possible
to apply a suitably oriented magnetic field of suffi-
cient magnitude to give each Ni** ion a substantial
magnetic moment. The interesting possibility of
observing long-range ordering of such induced mo-
ments depends critically on the structure of the
salt which, unfortunately, is not yet known in detail.'®
We are unable, at present, to predict whether or
not such effects should be observable. While A
appears to be large in comparison with typically di-
polar interaction energies, accurate estimates of
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the relative importance of exchange and dipolar
coupling in Ni (NO;), - 6H,0 must also await the full
determination of its structure. Further magnetic
and thermal studies of single crystals of this sub-
stance at very low temperatures are being under-
taken.

ACKNOWLEDGMENT

We thank Dr. L. G. Polgar for many stimulating
discussions.

*Work supported in part by the National Science Founda-
tion and the Office of Naval Research.

TPresent address: Department of Physics, Eindhoven
University of Technology, Eindhoven, The Netherlands.

'L. Berger and S. A. Friedberg, Phys. Rev. 136,
A158 (1964). Note that in this paper the level scheme for
the nickel ion is different from the one we are using here
in that it has the zero energy level above the other two
levels, giving negative values for D and E (D/k=-8.67 K,
E/k=-2.66 K). Conversion of these values for a level

scheme which has the zero level lowest yields D/k =+8.33K,

E/k=+3.00K.

T, Moriya, Phys. Rev. 117, 635 (1960).

3T. Watanabe, J. Phys. Soc. Japan 17, 1856 (1962).

J. W. Stout and W. B. Hadley, J. Chem. Phys. 40,
55 (1964).

’R. A. Fisher and E. W. Hornung, J. Chem. Phys. 48,
4284 (1968).

L. G. Polgar, doctoral dissertation (Carnegie-Mellon
University, 1970) (unpublished).

'C. A. Raquet, doctoral dissertation (Carnegie-Mellon
University, 1967) (unpublished).

8Cryocal CryoResistor, CryoCal, Inc., Riviera Beach,

Fla.

9Allen-Bradley Carbon Composition Resistor, 220
Q-+w.

R, H. Sherman, S. G. Sydoriak, and T. R. Roberts,
J. Res. Natl. Bur. Std. (U.S.) 68A, 579 (1964).

Up, G. Brickwedde, H. van Dijk, M. Durieux, J. R.
Clement, and J. K. Logan, J. Res. Natl. Bur. Std. (U.S.)
64A, 1 (1960).

M. Durieux and H. van Dijk, Travaux du Comité Con-
sultatif de Thermométrie, 6e Session, 1962, Sevres,
France, Annexe 26, p. 166 (unpublished).

134, Abragam and M. H. L. Pryce, Proc. Roy. Soc.
(London) A205, 135 (1951).

1R. Fletcher and M. J. D. Powell, Computer J. §,
163 (1963).

5D, Weigel, B. Imelik, and P. Lafitte, Bull. Soc.
Chem. France 29, 544 (1962). The structure of interest
here may differ significantly from that observed at room
temperature. Five phase transitions, two of which may
be of first order, have been detected between 150 and
273 K in this salt. See J. Jaffray and N. Rodier, Compt.
Rend. 238, 1975 (1954); J. Rech. Centre Nat. Rech. Sci.
Lab. Bellevue (Paris) 31, 252 (1955).

PHYSICAL REVIEW B

VOLUME 4,

NUMBER 11 1 DECEMBER 1971

Extra-Orbital Model of a Dilute Metallic Alloy*

R. H. Parmenter
Department of Physics, University of Avizona, Tucson, Arizona 85721
(Received 2 August 1971)

Accurate values of both localized and conduction-band quasiparticle excitation energies are

calculated for the extra-orbital model of a dilute metallic alloy.

It is shown that this model

can always be made self-consistent in the sense of satisfying the Friedel sum rule.

I. INTRODUCTION

In recent years, the most intensively studied
model of a metallic alloy has been the so-called
single-site approximation.!>? Here we wish to dis-
cuss a somewhat different model, one particularly
appropriate where the minority constituents of the
alloy are transition elements. We approximate the
effect of each impurity atom by that of an extra
orbital, coupled to the conduction band of the host
metal. As Velicky et al. 2 have pointed out, the

single-site approximation is related to the many-
electron Hubbard model® of a narrow-band solid.

Similarly, the extra-orbital approximation is re-
lated to the many-electron Anderson model® of a

localized magnetic center in a metal.

In this paper we restrict the discussion to a dilute
alloy containing a single type of impurity element.
We use the operator equation-of-motion method®
to find accurate values for both localized and con-
duction-band quasiparticle excitation energies.
Just as Stern® has done recently for the single -site



